§ Iﬂ*e%fa\ Colculus on  Surfaces .
We have talked about differential calculus on surfaces ,
NON, we move on o -‘w"csra:h‘ov\ .

Qm@S'h‘ovl’. G.‘ven a 'Fhmc‘t‘ov\ : S R o a s‘uv-faag S R

how to define I :)
S
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SOW\C pro‘aerh‘es oot (n+e5ta+-‘on oW {R -

(1) Fov ony bounded subset Ue {Rz ;

S = Avea(U)
u
(z) Change o varioble fovimula :

[ (x,9) dxdy = J (u,v) |Jacp |dudv
U u’

where 4’: u’—') U is +he chansc of coovdinate €v enrformetion
p(u,v) = (x,vr, v))

with Jacobion determingnt
2

du  ov
Jac p := det (dp) = det ( oY 2&)

E.l% |:|'ac¢| = ¥ <for poler coovdinates Y, O



(3) 3 various " Fundamenmtal Theorewns of Colevlus”’

Gicen's Theorem, Stokes' Theovem , Divergence Theoremn

J"d"w = Jw
Q an

De-F'-‘ : The SuPPort of & fun ction -F: S —» (R is defived as
o Closuwe n S

spt(£):=[xeS: Fx)+0)

% Let X‘u-i»VSS be a pavametyization of S

and ‘F: S = R be a €unction st. S?“'(“f) <V

Deti

(%) --- S‘F = f{o& l%—x‘;x%%“ dudv
S U

Remark: The def2 s -‘ndepeuclewf of +he cholce o‘f X , e

i.F X’= u’ -i> V e andther poram.n:trv‘tdw‘ow, +hewn

S. ‘f'& |%X;"%%‘” dudv — I. ‘f"&, | %%:"%%:" du'dv’
U T U

B ckause O‘F varicble (FX Prove -Hn?S")
-Forwwdﬁ '



Note:: Tf +he Function s not :uwovfeel ov a Smgle coordiuate
neighborkood | i.e. spt ( )Y€V , ohe Can use a“‘)arfi'h‘ov\ of
wﬂi‘hj" ‘<o decowpose ivto a (€ivite) suwm

= % " sk. S\"t( N)S Vy

is cowtaived M a Single coovd. whd . Vu . Then,

fs=2(x

S S
In practice, f X:U—>2S s a Pa«aw\.e.:tﬂ'm‘l'"o" whieh
Covers almost all of S (except a set of “measure zev0 )

+hen (%) s stit opplicable .

st. each Ty

EKGMB.Q: (Avea of +he Sfl«cfe)
The ParameH‘Zc‘h‘ov\ X H (O,z-'r) x (O,T) _ g(Y)

X(O,CP):z (YS"U\‘P cor O 'fh‘n‘f sm @, f“r?)

2
vers almost e whole sphere Tw) except for o |atitude
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§ First Fundamental Form

RQCQ” +Hat we have defrued at each P on a swface S
+he ‘l’av\jewl' F\q\nQ T‘,S , which is a 2-dimensronel S‘ubrlmcc of ’Rg

BU Pwl"l'fv\S a\\ +hese +amjeu{' plaves -(vose-e\acf , We 52‘(’

tangent —
oo TS = {pvripes, veT,s

of S

Note: (e cam +hink of TS as a 2~‘>cmm.t+u 'Famﬂa o

2-dimensional vectsv Spsaces (c‘.Q.TPS) ‘)c\fomckrh.eé

bj poits P ow S .

(‘disjofvd uu?on"
L — ‘[
P TS =LlT,s
pP€S

S

/_\

= 3 R R .
STV\CQ eacw \PS is a S'Mbt‘)ac.e of R , it wherits +he

nner ‘)roéuc‘i’ from R® as well . Thevefore, we have +he

-Fo\lowc‘uj :



De—fﬂ : The Fivst Fundamental ~fovin ('“‘f.‘f.) a-f o suwrfocr

at a powt P € S is a positive definite , SYmmetric biline ev

~form (ie. on Trner ?roduvt) defived on TPS ba

9p: TS=TS — R

gp( , )"-‘-( , >R3

a

k& stenderd tunar Fmé“cf
in |R3

Note : TS is theun a Swooth ‘Faw\il-a of funer FroduC‘f Spaces

Paranu,fn‘ué lra S.

WNe can ex(ne:: +Hhe lﬁ ‘f.‘f. loca\laa as 2%x2 watr'es (%U)

IAS‘v'nj coordinate S‘jﬁzw\s as “follows:

Given a ‘;awm{rim-h‘ov\ X(u,u): U —> S,

_ 92X oX
T\’S = St ) Tw au;]]

We cown express %? bn a matrix oS

%" %lz X DX
(%‘-j)= ( 2 g where %.'3=<‘37:,a-°9
T (iy=12)

ﬁ 2x2 S‘yvnul:(:h‘c

matrix



: 2 2
Thevefore , if = ag,+ bW: S o%
wheve — = T
° =) P>IVH ou;
=c satdn
' 2
“them

R S [

&Mﬁ’"ou; How does e wmatrix (Q.J) +tronsforua whon we

chanse local coorvdineates ?

LQ'MMA : ( Transformation law for (80))
guppo:e (ﬁg) ond ('5,3) ave +he ISV £, expressed in local

Coordinates X(u.,u,) U —>S ond KXW, Uy : U —> S
respectively. Then ,

(5:3) = (D )T (%tj) (D )

~
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where = X ° X : 'u — U is +ke tvansition wap .

N

~ W,
an (9 Ej) /)

n

(35

— 1D

5> u,

=¢




a«u." au au;,aldz
_ |
= ' 9% X | _ ¥
(_ X _) oW, _3711 - (DX) (DX)
M |
2X3
3x2

On +he othey haud,
(9;) = (DF) (DX)
f—h § °
= (D¥)(DX) (DX)(DW) =X

= (DY) (95) (Dv)

Covollaga: Jdet Ty = Jaety) | Jact |
Jaet (3) = | I
J‘ — sz-t(gg) du.du,
) N
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